Superconformal symmetry in the interacting theory 
of (2, 0) tensor multiplets and self-dual strings 



Par Arvidsson 



Department of Fundamental Physics 
Chalmers University of Technology 
SE-412 96 Goteborg, Sweden 

par . arvidsson@chalmers . se 



Abstract: We investigate the concept of superconformal symmetry in six dimensions, 
applied to the interacting theory of (2, 0) tensor multiplets and self-dual strings. The 
action of a superconformal transformation on the superspace coordinates is found, both 
from a six-dimensional perspective and by using a superspace with eight bosonic and 
four fermionic dimensions. The transformation laws for all fields in the theory are 
derived, as well as general expressions for the transformation of on-shell superfields. 
Superconformal invariance is shown for the interaction of a self-dual string with a 
background consisting of on-shell tensor multiplet fields, and we also find an interest- 
ing relationship between the requirements of superconformal invariance and those of a 
local fermionic Ac-symmetry. Finally, we try to construct a superspace analogue of the 
Poincare dual to the string world-sheet and consider its properties under superconfor- 
mal transformations. 
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1 Introduction 

One of the most interesting discoveries in string/M-theory during the past decade is 
without doubt the six-dimensional (2, 0) theories, named after the supersymmetry al- 
gebra under which they are invariant [1]. These are superconformal quantum theories 
without dynamical gravity, and first appeared in a compactification of Type IIB string 
theory on a four-dimensional hyper-Kahler manifold [2]. They obey an ADE classifi- 
cation (see [3] for an intrinsically six-dimensional motivation for why the simply laced 
Lie algebra series A, D and E appear) but have no other discrete or continuous pa- 
rameters. However, the theories have a moduli space parametrized by the expectation 
values of a set of scalar fields. 

There is a second origin for the A-series of these theories in terms of M-theory, 
where they arise as the world- volume theory on a stack of parallel M5-branes [4,5]. 
More specifically, a stack of r + 1 branes yields the A r version of (2, 0) theory, where r 
denotes the rank of the associated Lie algebra. The fluctuations of the M5-branes are 
described by r so called (2, 0) tensor multiplets and the 5r moduli correspond to the 
transverse distances between the branes. It is also possible for membranes to stretch 
between two M5-branes [6-8]; the intersections will then appear as self-dual strings 
from the six-dimensional world-volume perspective on the M5-brane. We get in total 
r(r + l)/2 different species of such strings, corresponding to the number of ways to 
connect the branes. The string tension is proportional to the distance between the 
branes in question, and is therefore related to the moduli of the theory. Specifically, 
if the branes coincide, the strings become tensionless. This picture yields in a simple 
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way the different degrees of freedom of (2, 0) theory; for a more complete discussion, 
see e.g. [9]. 

An intrinsically six-dimensional formulation of the (2, 0) theories is still lacking, and 
it is the ultimate goal of our research to find such a definition. In our previous work, 
we have pursued a program where we consider the theory at a point away from the 
origin of its moduli space, where the strings are tensile. This introduces a scale in the 
theory and breaks the conformal invariance spontaneously, but also provides a basis 
for doing perturbation theory, since in the limit of large string tension, the theory 
describes the well understood free (2, 0) tensor multiplet and free self-dual strings. 
The dimensionless expansion parameter will then be the square of some typical energy 
divided by the string tension. For simplicity, we have chosen to work in the A± version 
of (2, 0) theory, which includes a single type of string and a single tensor multiplet. 

In this paper, we consider the hitherto uninvestigated superconformal symmetry 
of our model. It is well known that superconformal field theories cannot exist in 
space-times with more than six dimensions. Moreover, in six dimensions, the largest 
possible supersymmetry consistent with superconformal invariance is N = (2, 0). This 
means that (2, 0) theory, regarded as a superconformal theory, has the largest possible 
supersymmetry in the highest possible dimension. This observation alone provides a 
motivation for studying these theories. 

The aim of the present paper is firstly to provide a framework for the study of 
superconformal invariance in six-dimensional (2, 0) theory by using superfields. Sec- 
ondly, we want to investigate whether our model [10] for a self-dual string interacting 
with a tensor multiplet background is superconformally invariant, and in what sense. 
Finally, we would like to use the new superconformal tools to find some clues on how 
to formulate the full interacting theory, i.e. when the tensor multiplet fields do not 
obey their free equations of motion. 

It is our intention to make the paper self-contained, thereby reviewing and sum- 
marizing some well-known results on conformal and superconformal symmetry. We 
think that it is worthwhile to include these, in order to understand how the superfield 
transformations work and how they are derived. It is also, in some cases, non-trivial 
to adapt the known results to our notations and conventions. 

The outline of this paper is as follows: Section[21is devoted to the study of (bosonic) 
conformal transformations in six dimensions, as a warm-up exercise preceding the su- 
perconformal model. We find explicit expressions for the action of the conformal group 
on the space-time coordinates, both from a six-dimensional perspective and by consid- 
ering a projective hypercone in eight dimensions, where the conformal transformations 
act linearly. We also study how different fields behave under conformal transforma- 
tions, especially the ones in the bosonic sector of the (2, 0) tensor multiplet. The results 
of Section |2] are not new, but still useful from a pedagogical point of view. 

Section |3] discusses superconformal symmetry. As in the previous section, we first 
find how the transformations act on coordinates, this time in a superspace with six 
bosonic and sixteen fermionic dimensions. The coordinate transformations are also 
found by considering a projective supercone in a higher-dimensional superspace; a 
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method which, to the best of our knowledge, has not appeared previously in the liter- 
ature. Next, we use a superfield formalism as a way of compactifying and simplifying 
the notation and derive how superconformal transformations act on the superfields of 
the complete (2, 0) tensor multiplet and on self-dual spinning strings. The explicit 
transformation laws are used to show that the model describing a string interacting 
with a tensor multiplet background is superconformally invariant. We find the new 
and non-trivial result that the requirements of superconformal symmetry and those 
of a local fermionic re-symmetry impose similar restrictions on the possible coupling 
terms, thereby indicating the uniqueness of the theory. 

Finally, Section|I]discusses the construction of a superspace analogue of the Poincare 
dual to the string world-sheet and its properties under superconformal transformations. 

2 Conformal invariance in the bosonic theory 

Before discussing the issue of superconformal invariance, it is worthwhile to consider a 
simpler case, which still contains some important aspects of the problem. Therefore, 
we begin by working with the model describing a spinnless self-dual string interacting 
with the bosonic part of the (2,0) tensor multiplet in six dimensions [9]. The results 
in this section have appeared previously in the literature, but it is nevertheless useful 
to review some aspects in order to get a complete picture. We will also refer (for 
comparison) to formulae in this section later in this paper, to point out similarities 
and differences between the bosonic and the superconformal models. 

2.1 Conformal coordinate transformations 

In this subsection, we consider the action of conformal transformations on the coor- 
dinates x^, fx = 0, . . . , 5, in a six-dimensional space-time. These transformations are 
called passive, meaning that they act on the coordinates themselves, rather than on 
the fields of the theory. 

Conformal transformations act on space-time in such a way that the angle between 
two intersecting curves is left invariant. This means that the infinitesimal proper time 
interval 

d T 2 = -7]^dx^dx v (2.1) 

transforms according to 

dr 2 -> n 2 (x)dr 2 , (2.2) 

where r]nv is the flat space-time metric (with "mostly plus" signature) and Q(x) denotes 
a space-time dependent quantity that also involves the parameters of the conformal 
transformation. For an infinitesimal transformation, such that Q(x) = 1 + A(x), this 
yields that 

5{dr 2 ) = 2A(x)dr 2 , (2.3) 
where A(x) is an infinitesimal function. 
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It is well known that the most general infinitesimal coordinate transformation that 
respects Eq. (|2.3|) is given by 

S x p = a^ + u^x v + Xx p + c p x 2 - 2c • xx", (2.4) 

where c-x = r] pv c p x u = c v x u . The (constant) parameters oj pu , A and c p are related 
to the different transformations of the conformal group according to the following table: 



symmetry 


generator 


parameter 


translations 






a p 


rotations and Lorentz boosts 




= x^d^ 




dilatations 


D = 




A 


special conformal transformations 




= x 2 d p - 2x p x v d v 





where the differential expressions for the generators make the equation 
5x^ = {a v P v + u up M vp + XD + c v K v ) x p 



(2.5) 



valid. In total, we have 28 parameters, in agreement with the dimensionality of the 
conformal group in six dimensions, denoted by SO (6, 2). 

From Eq. (|2.4jl . it is easily shown that the differential dx^ transforms according to 



5(dx p ) = (u^ + 4c [ ^) dx v + (A - 2c • x) dx 11 , 



(2.6) 



which implies that the proper time interval indeed transforms according to Eq. ()2.3|) 
with A(x) = A - 2c • x. 

Leaving the coordinate transformations aside for a while, we turn to the commu- 
tation relations relating the generators of the conformal group to eachother. By direct 
calculation, it is easily verified that the differential operators defined in the table above 
obey 



[Kp,M up ] 
[M pv ,M pcJ ] 



-Vp[uPp] 

-Vp[»K p] 



-4M M „ - 
25, [p M 



2r) pi/ D 



[Pp,D] 
[Kp,D] 

[M pu ,D] 



Pn 



-K„ 







(2.7) 



Vw"- 1 " J — " u [p 

This defines the conformal group 50(6,2) in six dimensions. The 50(6, 2) structure 
may be made more explicit by introducing a new set of generators J p p, fi, v 
according to 



0,...,7, 



M, 



UV 

p, 

Kp 
D 



2 (J7fi + J% P ) 
2 (J7/j, — J% p ) 

2J 76 . 



(2- 



These obey the Lorentz-type commutation relations 

\Jp,vi Jpa] flp[(iJu]<j ^c\p,^i>\pi 



2.1 
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where the metric r] p o = diag( — 1, 1,1,1,1,1, 1,-1). Thus, the conformal transforma- 
tions act as rotations in an eight-dimensional space with two time-like directions. 

There is a formulation (first suggested by Dirac [11], whose work was later continued 
by Kastrup [12] and by Mack and Salam [13]) in which a d-dimensional space-time is 
regarded as a projective hypercone in a space with one extra space-like and one extra 
time-like dimension, just like the one suggested in the previous paragraph. In the 
higher-dimensional space, conformal symmetry acts linearly, i.e. as a rotation with the 
generator J P y. Denote the coordinates in this space by y p , and define the projective 
hypercone by 

y 2 = = °- ( 2 - 10 ) 

This equation is clearly Lorentz invariant in the eight-dimensional space, and therefore 
confer mally invariant from a six-dimensional point of view. 

Next, let the infinitesimal rotation parameters be assembled in the matrix ir^ u , 
such that 

6y* = TT^J^y* = n^y & . (2.11) 
The last equality follows from the obvious definition 

JfU> = y[i>df i ], (2.12) 

where the derivative acts on the y-variables. 

To make contact with the six-dimensional space-time, we impose that 

ir&Jp = u pCT M pa + a p P p + c p K p + XD, (2.13) 

which when combined with Eq. (|2.8I) yields that 



UJ pU 


= TT^ 


a p 


= \{^ 




= ?r 


X 


= vr 76 . 



+ TT 6p ) 



7T 



e„) ( 2 - 14 ) 



Next, we parametrize the projective hypercone by 

y 7 -y 6 = 7 (2-15) 
y 7 + y 6 = ir] pa x p x <T , 

where 7 is related to the projectiveness of the hypercone and therefore 7 7^ 0. 

Under a conformal transformation as in Eq. I|2.11|) . it turns out that the quantity 
introduced in Eq. (|2.15j) must transform exactly as the coordinates x p in Eq. (|2.4|) . 

while 7 transforms according to 

* 7 = (2vcV-A)7. (2.16) 
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This shows that the surface of the projective hypercone defined in Eq. (|2.10[) behaves as 
the six-dimensional space-time we started with. In this way, we have derived the con- 
formal coordinate transformation in Eq. 1)2. 4jl from a higher-dimensional perspective, a 
viewpoint that will be useful later in this paper as well. The eight-dimensional formu- 
lation also suggests a way of formulating manifestly conformally invariant quantities, 
an observation that hopefully will be pursued in future work. 



2.2 Conformal field transformations 

Having discussed the conformal group and its action on the six-dimensional space-time 
thoroughly, we now turn to the question of how the conformal group generators act 
on fields defined over this space-time. This action consists of two parts: one due to 
the dependence of the field in question on the space-time coordinate x^ and one due 
to specific properties of the field itself. The latter part consists of the action of the 
stability subgroup of x = (the little group) on the fields, e.g. the transformation 
properties of a vector field under Lorentz transformations. We will (in contrast to 
our convention in the previous subsection) adopt the active view on conformal trans- 
formations, meaning that the space-time coordinates are fixed but the fields change 
upon such a transformation. By considering the stability subgroup mentioned before, 
it can be found [13] that a general field (j> l (x) (where i denotes some index or indices) 
transforms according to 



5o^(x) = a^ i (x)+u^ x v d lx 4> i {x) + {^ lxv cj ) ) i {x) 



+ 



+ A 



x^d^ix) +w4> i (x) 



x 2 d^ i {x) - 2x tl x v d v (f> i {x) + 



+ Ax" (E^Y (x) - 2x lx w<j> i {x) + (k^fix) 
where w and k^ are defined through 

[M^,^(0)] = (£^(0) 

[A0*(o)] = wftio) 
[^,^(0)] = (k^y(o). 



(2.17) 



(2.18) 



Here, M^ u , D and should not be confused with the differential expressions in the 
table above; in these equations (when acting on fields), they denote the full gener- 
ators of Lorentz transformations, dilatations and special conformal transformations, 
respectively. 

Thus, and k^ correspond to the intrinsic properties of the field under space-time 
rotations and special conformal transformations, respectively, while w is the conformal 
weight of the field. Together, these generate the stability subgroup of x = 0. We also 
note that a primary field corresponds to one having k^ = 0. 

It is convenient to summarize the transformation (|2.17|) in the expression 



Scf(x) = e{x)d^{x) + W(x) (Z^Y (x) + A(x)wf{x) + c» (k^y (x), (2.19) 
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where the space-time dependent parameter functions are defined by 



^(x) = o" + uTx v + Ax" + d*x 2 - 2c ■ x/ (2.20) 
W{x) = lu^ + Ac^x^ (2.21) 
A(x) = \-2c-x. (2.22) 

This expression is also stated in [14] and will prove to be useful when dealing with 
superfields and the superconformal group later in this paper. Note that the expression 
for ^(x) in Eq. ([2.20)1 coincides with the expression for Sx^ in Eq. 1)2.4)1 . indicating 
that this part corresponds to the change in the field due to its dependence on the 
space-time coordinates. 

When acting on fields, the generators obey the same commutation relations as 
in Eq. 1)2.7)1 . but with the opposite sign; this is due to the difference between active 
and passive transformations. 

To conclude, the conformal transformation of a general field is specified by stating 
its conformal weight (w), its behaviour under Lorentz transformations (S^) and its 
properties under special conformal transformations (&«)• 

2.3 The bosonic tensor multiplet 

The next step is to apply the results of the previous section to the fields in the bosonic 
sector of the (2, 0) tensor multiplet, consisting of five scalar fields and a two-form gauge 
potential. We denote the scalar fields, transforming in the vector representation of the 
SO (5) -R-symmetry group, by the antisymmetric matrix <p ab , a,b = 1, . . . , 4, satisfying 
the algebraic condition 

n ab r b = 0, (2.23) 

where fi Q & is the SO (5) invariant antisymmetric tensor. Obviously, a and b are SO (5) 
spinor indices. The two-form potential is denoted b and has an associated field strength 
h = db, both i?-symmetry scalars. Actually, it is only the self-dual part of the field 
strength that is part of the tensor multiplet, but in order to give a Lagrangian de- 
scription of the theory [15], we include the anti self-dual part as a spectator field. It is 
essential to keep this part decoupled when adding interactions to the theory. The field 
content, along with the reality properties, is more thoroughly discussed in [16]. 
The fields have the following properties under conformal transformations: 

(£^ ab ) = {k^ ab ) = w, = 2 

= Vn[ P K]v - i) v \pK\p. {k^b) pa = w b = 2. 

The conformal weights and w b are bounded from below by a unitarity condition [17, 
18], and due to the BPS property of the tensor multiplet representation, this bound is 
saturated. The weights coincide with the mass dimensions of the fields. 
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Using the expression (|2.19j) . this means that the fields of the bosonic theory trans- 
form according to 

8 c (t> a \x) = e{x)d^ ab {x) + 2K{x)(t> a \x) (2.25) 
Sab^ix) = e{x)d p b^{x) + 2n [iM P {x)b u]p {x) + 2K(x)b^{x) (2.26) 
S c h)j,up(x) = i a {x)d a h pup (x) - 3tt^(x)h up ] a (x) + 3A(x)h pup (x), (2.27) 

where we have required the conformal transformation operator to commute with the 
exterior derivative, in the sense that 

d(S c b) = 5 c (db) = 6 c h. (2.28) 

Note that this conformal transformation operator is defined in an abstract sense, acting 
in different ways on different fields. Specifically, its explicit form is different when 
acting on the derivative of a field than on the field itself. The relation (|2.28|) may 
seem evident here, but it is useful to relate to it when we discuss the super conformal 
transformations later in this paper. 

Comparing Eqs. (|2.2fi[) and (|2.27|) . we see that both b and its exterior derivative 
h = db are primary fields, meaning that they have no piece in their transformation 
laws, cf. Eq. ([2.19ft . It should be noted that, in general, derivatives of primary fields 
are not necessarily primary, consider e.g. the variation 

5 c (d p r\x)) = d^5 c r\x)) (2.29) 

= e(x)d v d^ ab {x)-n l r( X )d v( f ) ab (x) + 

+ 3A(x)d^ ab (x) - 4c M a6 (x), (2.30) 

where we see that the generators of the conformal group act as expected on a field 
with a subscript vector index and mass dimension 3, apart from the non-primary piece 
with parameter c p . Thus, although (j) ab is a primary field, its derivative is not. 

The bosonic model also includes self-dual strings, described by an embedding field 
X^, which is a function of the world-sheet coordinates (labelled a 1 , i = 1,2) and trans- 
forms as a Lorentz vector. In particular, since we have adopted the active viewpoint 
on conformal transformations, it is natural to conclude that transforms according 
to 

dcX» = -^(X) = -a» - u» v X v - \X^ - c^X 2 + 2c • XX 1 *, (2.31) 

i.e. in the same way as the space-time coordinate x^ in Eq. (|2.4|) . but with the oppo- 
site sign. This expression does not look as nice as the transformations of the tensor 
multiplet fields found above, but if we instead consider the variation of the differential 
dX^ 1 = da % diX^ (which is what we will need in explicit calculations), we get that 

5 c (dX^) = -n^(X)dX" - k{X)dX>", (2.32) 

in accordance with the expected transformation of a field with a vector index, having 
conformal weight w^ x = —1. Note also, from Eqs. (|2.19|) and H2.31|) . that all terms 
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apart from those involving E^, w and vanish manifestly when transforming the 
pull-back of a space-time field to the world-sheet of the string. 

Using the transformation rules found above, it is a straight-forward task to prove 
that the interaction described in [9] is conformally invariant. It should be stressed that 
this model, because of its electromagnetic coupling, suffers from a classical anomaly [3]. 
This anomaly is cancelled when fermionic degrees of freedom are included in the model 
in a supersymmetric way. 

3 Conformal invariance in the supersymmetric theory 

In this section we turn to the complete theory, incorporating fermionic degrees of 
freedom in the model. We take advantage of the superfield notation in order to simplify 
expressions and keep them similar and comparable to the bosonic results in the previous 
section. This section mixes results that have appeared elsewhere in the literature with 
new findings. It should also be mentioned that, in some cases, our derivation methods 
are quite different from those that can be found in previous papers on this subject. 

3.1 Including spinors in the model 

In this subsection, we introduce the notations and conventions used for spinors and 
state the bosonic conformal transformations of the fermionic tensor multiplet fields. 
It summarizes old results, but is included for completeness to keep the paper self- 
contained. 

The (2, 0) tensor multiplet includes, apart from the scalars and the two-form po- 
tential mentioned in the previous section, four chiral spinors transforming in the spinor 
representation of the 50(5) i?-symmetry group. These are denoted as where 
a = 1, . . . ,4 is an 50(5, 1) Weyl spinor index. An anti-Weyl spinor is denoted by 
a superscript a index. The spinor fields obey a symplectic Majorana reality condi- 
tion [19]. 

It is convenient to use spinor indices also for the bosonic representations of the 
Lorentz group. This means that we let (by contracting with the appropriate gamma 
matrices) 

x Q/3 = x^ (3.1) 
d a /3 = <9[ Q /3] (3.2) 

bj, such that b a a = (3.4) 

h a /3 = h( a/3 ) (3.5) 
h *P = h W) m ( 36 ) 

Note that the last two equations conveniently separate the self-dual and anti self-dual 
parts of the three-form h into different representations of the Lorentz group. 




b^v 

hfivp + {*h)fj,up 
huvp ~ (*h)p,vp 



10 



As is indicated by Eq. (|3.3j) . pairs of antisymmetric indices may be raised and 
lowered according to 

gap = 1^7^. (3.7) 

Finally, we introduce the dot product between vectors in the same way as before, such 
that 

8-x = d aP x aP = 6. (3.8) 

After these preliminaries, let us return to the conformal group and its generators. 
Naively, the bosonic differential generators of the table in Section 12.11 are translated 
into 



generator 



parameter 



^3 

a/3;7<5 



a/3 



a: 



D = x al3 d a/3 

K af3 = x 2gaf3 _ 2x af3 d 1& 



UJ 



A 

Ca/3, 



but it is more convenient to introduce a dual notation for the Lorentz generator M 
and its corresponding parameter uj, according to 



Mj = e^M ar , SE 



UJ 



P"y;8e 



(3.9) 
(3.10) 



in analogy with the notation for the two- form b in Eq. (|3.4[) . This yields that 

uj^Mj = uj a ^ s M a ^ s , (3.11) 
and the differential operator becomes 

(3.12) 



which is traceless as required. 

Under a conformal transformation, the spinor field if)® transforms according to 



(3.13) 



where the x-dependent parameter functions are the obvious translations from Sec- 
tion E2 an d become 

£*P{x) = a af3 + uj^x^ + uj/x^ + (A - 2c • x)x a P + c a<i x 2 (3.14) 

nj(x) = UjJ -ACar.X^ + C ■ xSj 



k(x) = A - 2c • x, 



(3.15) 
(3.16) 
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in terms of which the transformations 1)2.25)) and 1)2.27)1 are 

5 c( p ab = ^ 5 {x)d l6 <t> ab + 2A(xW b (3.17) 
5 c h a f3 = C\x)d. y sh a /3 + ^ a ' r (x)h ll 3 + Q l3 1 (x)h a y + 3A(x)h al 3. (3.18) 

This ends the discussion concerning the conformal group with only bosonic genera- 
tors. In the next subsection, we extend the model to incorporate fermionic generators, 
thereby forming the full superconformal group. 

3.2 Superconformal coordinate transformations 

Since we want to treat a supersymmetric model, it is convenient to supplement the 
six bosonic space-time coordinates x a @ by a set of sixteen fermionic coordinates 0%, 
see [10] for a more thorough introduction of these concepts. The fermionic coordinates 
are anticommuting, i.e. Grassmann odd, as usual and transform as anti-Weyl spinors 
under Lorentz rotations and as spinors under i?-symmetry transformations. 

Following the logic of the previous section, the obvious next step is to find out what 
the generators of the conformal group SO(6,2) look like in this superspace and how 
they act on the coordinates. Evidently, the generators must change in comparison to 
the bosonic case, in order to incorporate the non-trivial action of the conformal group 
on the fermionic coordinates Q®. For example, since 9% transforms as an anti-Weyl 
spinor under Lorentz rotations, the corresponding generator (M a ) must be modified. 
The commutation relations in Eq. 1)2.7)1 are expected to remain unchanged as expressed 
in terms of abstract generators. 

However, we want to go a bit further and also include the i?-symmetry group SO (5), 
generated by U ab = U^ ab \ and super symmetry, which is generated by the fermionic 
Q a a . We are then forced to introduce the generators S" of special supersymmetry as 
well, which arise as the commutator of the supersymmetry and the special conformal 
symmetry generators. Altogether, we have then arrived at the superconformal group 
OSp(8* |4), which is the expected symmetry group of the complete theory. We will 
denote the parameters of supersymmetry, i?-symmetry and special supersymmetry 
transformations by rj°, and p%, respectively. Note that Q%, S", 77" and p^, all are 
fermionic (Grassmann odd) quantities. 

In this subsection, we will content ourselves with the action of the superconformal 
group on the coordinates in superspace, postponing their action on fields to the next 
subsection. Starting from the purely bosonic parts of the generators of 50(6, 2) (P a p, 
M a , D and K a/3 ) obtained above and the well-known generator of supersymmetry 
{.Qa)i we can make suitable ansatze for the unknown but essential additional parts (in- 
cluding fermionic variables and derivatives) of these generators as well as for the newly 
introduced generators (S% and U ab ). By requiring these generators to obey certain of 
the commutation relations of the 05p(8*|4) group (which is related to the requirement 
that the algebra should close), the unknown coefficients may be determined and the 
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resulting differential generators are found to be 

Pa/3 = d a(3 (3.19) 

Mj = 2x^d ai - 1 -5jx-d + e^d c ol -\5/9-d (3.20) 
D = x-d+-6-d (3.21) 

K ap = -4 LX ^ x ^d lS -Q, ab Q, cd eiefe^e & d d lS + 

+ 29^ (2x^ - iSY*Ofj}0jfy (3.22) 
Q a a = d a a -in ac 62d ay (3.23) 

- iffl (2x Sa - in hd 9 s b 6^ d lS (3.24) 

jjab = I(n ac e2d* + n bc e2d^, (3.25) 

where the dot product between two fermionic quantities a" and 6^ is defined by 

a ■ b = ajb*. (3.26) 

Note that the fermions involved in this scalar product are required to have opposite 
50(5, 1) chirality, i.e. one should be a Weyl spinor and the other an anti-Weyl spinor. 

The generators of the superconformal group act on the superspace coordinates x alS 
and 0% in the usual way; the resulting transformation laws are (similar transformations 
but in a different notation, and derived in a different way, also appear in [20]) 

5x a ? = a a P + uj y a x^ + w// 7 + Xx af3 + Ac^x^x^ - i^rto® + 

+ c^ ac n bd e [ y^ ] e2e 5 d - 2% P c 1 e^x^ - P c 7 n ab e^e2 (3.27) 

60% = (<-4c 75 x a5 -2ic 7 ^ c ^ + 2^C)^ + ^AC + 

+ rfc + 2Q caP c ^ a + m ac n bd p c ^ b e2 + v ac n cd 92, (3.28) 

which, as in the bosonic case, look rather messy and complicated. However, it is easily 
shown that the action on the superspace differentials e af3 = dx a ? + iW b O ] g'd0$ and 
d9" can be written as 

5e a P = n i a (x,9)e^ + n^(x,9)e a ^ + A(x,9)e a ^ (3.29) 

5(d9 a a ) = ^ a (x,9)d92 + \^,0)d9 a a +V c Md9 a c +2E^ a (9)e a \ (3.30) 

where the superspace-dependent parameter functions 

n Q 7 (z,0) = w Q 7 - Ac aS x^ s + c ■ xSJ - 2ic aS n cd 929 5 d + 2ip c J2 - % -5^p -9 (3.31) 
A(x,9) = \-2c- x + ip-9 (3.32) 
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are extensions of Eqs. (|3.15[) and (j3,16|) to the super confer mal case, while the functions 




-n ac v cd + Am ac c l5 eje & d - 2i P a 1 e} + 2iti ae falsi fd 
2 Ca peP + n abP b a 



(3.33) 
(3.34) 



are new. Naturally, £l a and V a b are traceless, i.e. they obey Q a a = V a a = 0. To 
the best of our knowledge, this way of presenting the superconformal transformations 
has not appeared previously in the literature. The advantages of using superspace- 
dependent parameter functions will be made clearer when we consider transformations 
of superfields in Section l3~3l 

The transformations ()3.29j) and (|3.3U|) contain the expected Lorentz, dilatation 
and i?-symmetry parts (with generalized superspace-dependent parameters), but also 
a term connecting the variation of d9" to e al3 with the parameter function r, a ^ a {6), 
containing the (constant) parameters c a p and p^,- This separates special conformal 
and special supersymmetry transformations from the other transformations, which 
yield no such possibilities. This issue will be further discussed later in this paper and 
is a superspace analogue to the non-trivial piece in Eq. (|2.19j) . 

It is also interesting to note that the infinitesimal supersymmetric interval length 
is preserved up to a superspace-dependent scale factor under superconformal transfor- 
mations, i.e. 



This relation may in fact be seen as a definition of the superconformal transformations, 
in analogy with Eq. ()2.3|) in the bosonic case. 

Continuing along the path taken in Section [21 we calculate the commutation rela- 
tions for the differential generators in Eqs. (j3.19j) - ()3.25j) . The result is (similar relations 




(3.35) 
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appear e.g. in [14,20]) 



Pa/3, M~j 

[U ab ,D 
[U ab , U cd 

~mJ,d 

[-fa/3 , Sa 



-25, "P, 



07 



25* 



2°7 r< 

6; 



af3 







_Qa{cjjd)b _ Qb( Cu d)a 


jt 7 aP 1 x qT 



-2fl ac 5^S, 



0] 



[P a p,K^ s ] 



2n ac 5 [c ?Q 



7/OC 



-2in ab p a/3 

-2iSl ah K a P 
i6 a {s\D- 

[a p] 



[Pafi, U ab ] 

[K a ?, U ab ] 
M/, U ab 

[Pa0,D. 

[K a P,D] 
[Q a a ,D] 

[K^,S2] 
[U ab ,Q c ^\ 

[u ab ,s2] 







p«(3 

-O a 



1 ca 
"2°a 



(3.36) 



5 c {a nv d s2 



4n bc u ac 



+ 2i5\M a 



25, 7 £ 

[a f3] ' 



which together define the superconformal group OSp(8*\4). It should be noted that 
these are the relations that apply when the differential operators act on each other, not 
when the generators act on fields. In the latter case, the sign on the right hand side of 
every relation should be changed. It is straightforward to verify that the super-Jacobi 
identities are satisfied. 

In the same way as we compactified the notation in the bosonic case in Eq. Q2.9|) 
by extending space-time with one extra space-like and one extra time-like dimension, 
we may define new generators J & g, where a, (3 = 1, ... ,8 are chiral spinor indices in 
eight dimensions. The hatted indices decompose into subscript and superscript indices 
in six dimensions, corresponding to Weyl (d = 1, . . . , 4) and anti-Weyl (a = 5, ... ,8) 
spinors, respectively. We let 



a;3 



J, 

T p 

jaP 



\Pa(3 



(3.37) 



and also define new supercharges Q| according to 



Q a a 

Qa,a 



tt ab S?, 



(3.38) 



together forming a chiral spinor in eight dimensions. 
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These generators, together with the unaltered i?-symmetry generator U' 
the commutation relations 



ab 



obey 











jjab 


= 












— i~i~d a ~ 


u ab , 


jjcd- 


= -Qa(cjjd)b _ Qb(cjjd)a 


jjab 




= £l< a Q b ) 



(3.39) 



where the symmetric matrix has components 



la/3 



ja/3 





0; 



(3.40) 



it transforms in the singlet representation of SO (6, 2). The commutation relations 
()3.39|) contain all the information of Eq. ()3.36[) . but in a much more compact notation. 

It is possible to compactify the notation further by considering the generators 
in a superspace with eight bosonic and four fermionic dimensions. This yields the 
OS*p(8*|4) structure in a manifest way; this notation appears in [14,21]. Introduce 
a matrix J AB , where A = (a, a) and B = ($,b) are OSp(8*|4) indices. Note that A 
and B are superindices, meaning that J AB is symmetric if both indices are fermionic, 
otherwise it is antisymmetric. We denote this in the standard way by 



Ja 



A) AB J E 



(3.41) 





~ J a /3 


J~ b 

ot 


— -j—d h - 


J P 


2^2^/3 


jab 


= iU ab . 



J AB contains the different generators of the superconformal group, explicitly we take 



(3.42) 



These generators obey the (anti)commutation relations 

J ab, Jqd^ = ~2^bcJad ~ ( — 1) AS IacJbd ~ ( — 1) CD IbdJac + (~1) AB+CD IadJbc ^ 

(3.43) 

where the bracket in the left hand side is an anticommutator if both entries in it are 
fermionic, otherwise it is a commutator. The superspace metric I A b = (— ^) ab Iba is 
defined by 



5 a 




In order to make the relation 



iSt 



T JBC _ rC 

-Iab-1 — o A 



ab 



(3.44) 
(3.45) 
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valid (which is essential if want to raise and lower indices), we also need to define the 
inverse superspace metric as 

s° p \ 

S a P ■ (3.46) 

-m ab ) 

Note the resemblance between the (anti)commutation relations in Eq. ()3.43[) and the 
well-known Lorentz group commutation relations. This suggests that the superconfor- 
mal transformations act linearly in a superspace with eight bosonic and four fermionic 
dimensions. 

In Section \'2. 11 we found the conformal transformations of the bosonic coordinates 
x^ in an indirect way, by looking at a projective hyper cone embedded in an eight- 
dimensional space with two time-like directions. In this higher-dimensional space, the 
conformal group acts linearly. Guided by the OSp(8* |4) covariant notation introduced 
above, we would like to perform a similar analysis in the superconformal case. 

Let the coordinates in superspace be y A and introduce a projective supercone by 
the equation 

i AB y A y B = 0. (3.47) 

We will parametrize the supercone in a more implicit manner than we did when consid- 
ering the hypercone in Section fc.ll Consider a point on the supercone, with coordinates 
Va = (Va,y a ,y a )- It is always possible to introduce a fermionic field 0%(y) such that 
for any point on the supercone, 



y 



V^rtfV ( 3 - 48 ) 



By requiring 0% to transform as an anti-Weyl spinor under S0(5,l), this field is well- 
defined in all points on the supercone. In the same manner, we introduce the bosonic 
field x a @(y) = —x l3a (y) such that 



2x a ?-in ab ey^y p (3.49) 



for any point on the supercone. 

It is easily verified that all points y A of this form lie on the supercone defined by 
Eq. (|3.47|) • Obviously, we may always multiply x a/3 or 9® by a constant and still remain 
on the supercone. This explains the notion projective supercone. 

The next step is to vary these coordinates. The transformations are generated by 

Jab = -y [A d B] = {-l) AB y [B d Ah (3.50) 
which satisfies the commutation relations (|3.43[) . given that 

d A y B = Iab- (3.51) 
The coordinates y A transform according to 

Sy A = 7r CD J CD y A = (-l) C{A+D) I Ac ir CD yn, (3.52) 
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where the parameter matrix is given by 



7T 



P 




MoT - ^\5j ~2c a p -iV2p c a tt cb | , (3.53) 

chosen such that the relation 

tt ab J AB = ujMp a + a a Pp af3 + c^K^ + XD + ^Q a a + p a a S« + v ab U ab (3.54) 
is valid. 

Since Eq. Q3.47JI is invariant under a transformation of this type, we may require 
the left-hand and the right-hand sides of Eqs. (|3.48j) - (|3.49|) to transform equally. 
The implicated transformation properties of the fields x al3 (y) and 8®(y) when the 
y-coordinates are transformed in this way are found to agree exactly with the super- 
conformal transformations of the coordinates x a/3 and 8% in our original superspace 
(with six bosonic and sixteen fermionic dimensions) in Eqs. (|3.27|) and (|3.28|) above! 
This explains the choice of notation and implies that the rather complicated transfor- 
mation laws for x a/3 and 8® are a mere consequence of a simple rotation in a superspace 
with eight bosonic and four fermionic dimensions! 

This way of introducing the superspace coordinates and deriving their transfor- 
mation properties has, as far as we know, not appeared previously in the literature. 
Presumably, the fact that this works points to some underlying structure of the (2, 0) 
superspace in six dimensions, the nature of which is not clear at the moment. 



3.3 Superfields 

Having introduced a superspace (in the remainder of this paper, we will work in the 
usual (2,0) superspace with six bosonic and sixteen fermionic dimensions), the next 
step is to populate it with superfields. The superfield formulation for the (2, 0) tensor 
multiplet first appeared in [22]; a thorough description of its use in our model can be 
found in [10]. In this paper, we will content ourselves with a short description of the 
key aspects. 

Define a superfield Q ab = & ab (x,8), obeying the algebraic constraint 

n ab $ ab = (3.55) 

and the differential constraint 

D a a § bc + ^l de D d a (V b $ ec + VL ca <& eb + ^n bc $ ea ^J = 0, (3.56) 

where D® is the covariant superspace derivative, defined according to 

D a a = d a a + in ac 82d ai . (3.57) 
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It is important to note [10] that the differential constraint 1)3.56)1 implies that the lowest 
component of the superfield must obey the free equations of motion for a massless scalar 
field, i.e. the Klein-Gordon equation. This reflects the fact that we are dealing with 
an on-shell superfield formulation. 

It is convenient to define supplementary superfields according to 

K = -^n bc D b a <S> ca (3.58) 
5 

H a p = ^l ab D a J>% (3.59) 

but it should be noted that these contain no new degrees of freedom compared to <& ab . 
By definition, a superfield transforms according to 



5 Q ® ab 



r/-Q,$ ab (3.60) 



under a supersymmetry transformation. Working out this commutator, with Q as in 
Eq. (|3.23f> . it can be shown (by comparing with the explicit transformations in [16]) 
that the lowest components of the superfields & ab , and H a p are the tensor multiplet 
fields (j) ab , and h a p, hence the choice of notation. The differential constraint 1)3.56)1 
yields the usual free equations of motion for these component fields. 

The purpose of this section is to find how the rest of the superconformal trans- 
formations act on the superfields. The transformations will, as in the bosonic case, 
contain one piece including the differential expressions in Eqs. ()3.19)) - (j3.25)) and some 
non-differential pieces. The latter may be derived by requiring that the transforma- 
tion of $ must satisfy the differential constraint 1)3.56 J) when <fr ab itself does. We also 
require the abstract transformation operator to commute with the covariant derivative 
in superspace (in the same way as transformations commute with derivatives in the 
bosonic case, see Eq. (f'2.'28|) and the discussion thereafter). Note that this approach of 
course requires the superfields to be on shell. The transformation of (2, 0) superfields 
was also discussed in [23] using a geometric approach, realizing the transformations 
as derivations in superspace. We will be more explicit and algebraic in our treatment 
of the problem, trying to take advantage of the superfield formulation. It is our goal 
to write the transformations of the superfields in a form similar to the one used in 
the bosonic case in e.g. Eq. 1)3. 17)1 . inspired by the transformation properties of the 
superspace differentials in Eqs. ()3.29j) - ()3,30j) . 

After some quite involved computations, it is found that the superfields transform 
according to (we are still in the active picture, where we transform the fields rather 
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than the coordinates) 

+ V a d {9)¥ b + V b d {9)<S> ad (3.61) 

+ |a(x, 6)K + V a MK - 4Z«m® ah ( 3 - 62 ) 

5 c H aP = e\x,9)d^H a p + Q(x,9)dCH aP + nj(x,0)H 7P + n^(x,0)H aj + 

+ 3A(x, 9)H a/3 + 3iH Q , c (0)^ + 3^(0)*^ ( 3 . 63 ) 

where the parameter functions Sl a (x,9), A(x,0), V a b {9) and E aja (9) are those defined 
in Eqs. (pOTT]) - (pOij) . respectively, while £ af) {x,9) = 5x a ^ and £%(x,0) = 59%, see 
Eqs. (|3.27f) and (|3.28|) . In analogy with the notion of primary fields in the purely 
bosonic case, we see that the superfield $ ab is superprimary (its transformation does 
not contain any H-part) while the others are not. Note that the transformations (in this 
notation) are what one would expect by looking at the indices and mass dimensions 
of the fields, apart from the parts containing E aja (#), where the numerical coefficients 
are hard to guess a priori. 

From these transformations, the transformation laws for the component fields may 
be read off. The 50(6,2) transformations agree, as expected, with Eqs. ()3.13j) . (|3. 17|) 
and 1)3. 18|) . while supersymmetry acts according to 

5 Q( j) ab = irj« (n ac ip b a - n bc ip* - ift ab v£) 

6 Q r a = n ab ^h af3 + 2d aP rV b (3.64) 

in agreement with [16]. The special supersymmetry transformations of the component 
fields are 

5 s <j) ab = -Aix^ s p [ y^ - i£l ab Sl cd x"t s p^ipf 

5 s V a = -2p a ^ s h Sa -4p b a n bc( l ) ca + 4p b y ri bc x^d aS r c (3.65) 
5 s h a p = 2iQ abP ^ s (dfoVg + dspifc) - 3iU ab (p a a ^ + p a ^ b 

while .R-symmetry acts according to 

5 v r b = -n ac w* - n bc v cd r d 

Strife = -n ac v cd i; d a (3.66) 
Suha/3 = 0, 

as suggested by the index structure of the fields. 

This completes the analysis of the superconformal transformations of the free tensor 
multiplet in superspace, but we should also consider the self-dual string. It is, as before, 
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described by a bosonic embedding field X a "(a), but we have to supplement it by a 
second (fermionic) field 0"(<t) describing the embedding in the fermionic coordinates. 
The superconformal transformations of these fields are 

5 c X aP = -a aP - to^X^ - u/X a ^ - \X aP - Ac lS X~< a X p5 + ifi^ef 1 - 

- c lS n ac n bd & [ a®b@2®d + 2i P c 7 e^x^ + p^e^e^el (3.67) 
5 c e a a = -(^ a -^sX aS -2ic l5 n cd e^ + 2ip^)e:-^xe2- 

- r£ - 2n caP c ^ a - in ac n bd p c y @J@2 - v ac n cd O%, (3.68) 

which coincide with Eqs. (|3.27|) and Q3.28JI for the corresponding coordinates but with 
the opposite sign, in the same manner as in the purely bosonic model. These variations 
do not have the same structure as the variations of the superfields <£ afe , and H a p, 
but if we instead consider the appropriate differentials of these fields, we get something 
more familiar. The differentials in question are related in an obvious way to the 
superfield differentials e a/3 and dO^ and are E a @ = d~X al3 +iQ, ab o\^ d~Q^ and d@°, where 
d = da l di denotes a differential operator with respect to the world-sheet parameters 
a. The variations of these quantities are 

5 c E af3 = -n j a (X,Q)E^ 13 -a/(X,6)£ a7 - A(X,Q)E al3 (3.69) 

5 c (d&2) = -n 1 a (x,e)dei-h(x,@)de a a -v d a (e)d@ a d -^ a (@)E a \ (3.70) 

which are similar to Eqs. (|3.29|) and H3.3UJ) but again with the opposite sign. We see 
that E a P transforms as a superprimary quantity while dQ" does not. 

In retrospect, what we have done in this section is to generalize the superfield 
formulation, thereby incorporating the full superconformal group in the formalism. 
This is a must in order to calculate variations of terms involving superfields under 
such transformations; using the transformation laws for the component fields would 
lead us nowhere (we do not even know the explicit expressions for the superfields in 
terms of component fields to all orders). With the superspace generators, we may in a 
relatively simple and compact way describe the transformations. 

We should also comment on the use of superspace-dependent parameter functions 
in the transformation laws. This also facilitates the calculations, since Lorentz and R- 
symmetry covariance is manifest through the use of tensor notation. They must, how- 
ever, be applied with care since these parameter functions generally do not commute 
with derivatives. To the best of our knowledge, this approach to the superconformal 
transformations of (2, 0) superfields has not appeared previously in the literature. 

It would be interesting to consider the problem of finding a field theory in the 
superspace with eight bosonic and four fermionic dimensions discussed at the end of 
the previous subsection. This theory would, presumably, incorporate manifest super- 
conformal symmetry and probably yield some new insights into the properties of the 
six-dimensional theory. 
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3.4 The supersymmetric interaction terms 

In this subsection, we consider the theory describing the supersymmetric coupling of 
a self-dual string to a (2,0) tensor multiplet background [10]. As usual, background 
coupling means that the tensor multiplet fields are taken to be on shell, i.e. they obey 
their free equations of motion. 

The interaction is described by the action terms 

S int = - [ d 2 aV$ ■ ^V^G + [ F, (3.71) 
js Jd 

where the first term is a Nambu-Goto term where the string tension has been replaced 
by an expression in the superfield & ab discussed in the previous subsection. Explicitly, 
the 50(5) invariant scalar product is defined by 

* ■ * = Ul ac VL bd <$> ab $> cd , (3.72) 

and its appearance can be understood by considering the relation between the moduli 
parameters and the string tension mentioned in the introduction. Note that the term 
involves the pull-back of the superfield $ afc to the string world-sheet S. In the second 
factor of the Nambu-Goto term, G denotes the determinant of the induced metric in 
superspace, which may be written as 

G = ^e^GijGn (3.73) 

where 

Gij = \e aPlS EfEf. (3.74) 

Here is determined by the relation E a/3 = da l E^ . Naturally, S denotes the string 
world-sheet. 

The second term in Eq. ()3.71j) is of Wess-Zumino type and involves the pull-back of 
a certain super three- form F to the world- volume of a "Dirac membrane" D attached to 
the string, satisfying dD = S. For a more elaborate discussion of the Dirac membrane 
and its properties, we refer to [10,24]. D is described, similarly to the string, by 
embedding fields X a @ and 0" , but these fields are functions of three parameters instead 
of two. As an embedding, they naturally transform in the same way as the string 
embedding fields, i.e. according to Eqs. (|3.67|) and (|3.68|) . under a superconformal 
transformation. 

The super three-form F is expressed as 

F = ± e ™ A A e a ^e a2 ^ 1J2 H ai/3l - % -e^ A A <e^ l/?a71 ** + 

+ l e 7i72 A d9 P A d 0«e aMx ^ ab (3.75) 

in terms of the superfields Q ab , and H a p. It was used by us in [10] but has 
also appeared (in a slightly different notation) in [23, 25]. The coefficients in the 
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expression for F make it a closed form in superspace, i.e. dF = 0, where d is the 
superspace exterior derivative. The last statement is only true if the superfields obey 
the differential constraint l|3.56J) . but this is always the case on shell. 

The relative coefficient in Eq. (|3.71|) is determined by requiring invariance under a 
local fermionic K-symmetry, which also removes half of the degrees of freedom contained 
in 0", as required by supersymmetry [10]. The closure of F is essential for this to work, 
but it also implies that the choice of Dirac membrane D, given a string world-sheet 
S = dD, should have no physical significance. 

Next, let us consider a super conformal variation of the interaction (|3.71[) . The 
Nambu-Goto term is clearly invariant; this is easily seen from the expressions (j3.61[l 
and (|3,69|) for the variations of & ab and E a ^ , respectively. Since all fields are super- 
primary, the only thing we really need to check is that the conformal weights match 
appropriately. 

The variation of the Wess-Zumino term is a bit more involved, mainly because 
of the terms involving 3^(9) in the transformation laws for d@", and H a p. It 
turns out that the pull-back of the super three-form F to the Dirac membrane world- 
volume D is superconformally invariant if and only if the coefficients are chosen as in 
Eq. Q3.75J) . i.e. with the same choice of coefficients that makes it a closed three- form in 
superspace! This means that the interaction in Eq. (|3,71|) indeed is superconformally 
invariant, but only with the specific three- form in Eq. (|3.75|l ! It should also be stressed 
that, out of all the transformations in the superconformal group, it is only the special 
conformal and the special supersymmetry transformations that put any restrictions on 
the coefficients. With another choice, the theory would still be e.g. super symmetric. 
The model is therefore an example of a theory where special conformal invariance does 
not follow immediately from dilatational, translational and Lorentz invariance. 

Summing up, we have found that the requirement of K-symmetry and that of su- 
perconformal invariance impose equivalent restrictions on the coefficients of the super 
three-form F, but in different ways. Note, however, that Ac-symmetry also determines 
the relative coefficient between the Nambu-Goto term and the Wess-Zumino term. 
The superconformal symmetry of the theory has no influence on that. The remarkable 
agreement between superconformal invariance and K-symmetry indicates the unique- 
ness of the theory: the model is tightly constrained by its symmetries. This is arguably 
the most important result of this paper. 

4 The Poincare dual to the string world-sheet 

In the previous section, we worked with an on-shell tensor multiplet. This implied 
that the super three-form F in Eq. Q3.75JI was closed and lead us to the conclusion 
that the choice of Dirac membrane, given a specific string world-sheet £, should have 
no physical significance. 

In this section, we try to relax the requirement that F should be closed, as a step 
in the process of finding a theory where the tensor multiplet fields need not be on shell. 
We will start in the bosonic case, where the motivation for these ideas is found, and 
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then turn to the superconformal model and try to generalize the concepts introduced 
in the bosonic theory. 



4.1 The bosonic model 

A free two-form gauge field b with a three-form field strength h obeys the Bianchi 
identity 

dh = (4.1) 

and the equations of motion 

d*h = 0, (4.2) 

where * denotes the Hodge duality operator. For a self-dual three-form h, these two 
equations coincide. 

If we want to couple this field electromagnetically to a self-dual string (with both 
magnetic and electric charge), this is done by changing the right-hand sides of the 
equations above. Explicitly, we get 

A = f ^ 

d*h = o-s, 

where <5 E denotes a four-form called the Poincare dual to the string world-sheet E. It 
is defined by the relation 



b= 5 s Ab, (4.4) 

S JM 

where the left integral is evaluated over the string world-sheet, while the right is over 
the entire six-dimensional Minkowski space. We also note that the self-dual piece of h, 
expressed as h + = |(/i + */i), obeys an inhomogeneous equation while the anti self-dual 
piece h- = \{h — *h) is free and therefore decoupled from the theory, as required. It 
should be emphasized that Eq. (|4.3I) does not imply self-duality, but it is consistent 
with self-duality. 

Explicitly, the Poincare dual is expressed in terms of the string embedding fields 
and the space-time coordinates according to 

5 S = ^-dx^ A dx v A dx p A dx a [ dX T A dX e 'e^p^^ (x - X), (4.5) 

where d = da l di again is the differential with respect to the world-sheet variables a 1 , 
i = 1,2, and 8^\x-X) is a Dirac delta function in six dimensions. This is somewhat 
analogous to the coupling of a dyonic relativistic particle to a Maxwell field in four 
dimensions, in that sense 6 S is a generalization of the current four- vector [24]. In our 
model, we couple to a string and 5 S is the dual of a current two-form. 
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In order for this four- form to be consistent with Eq. (|4.3)L it must be closed. 
Applying the exterior derivative to <5 E , we get that 

d5v = \-dx" A dx" A dx p A dx a A dx K [ dX T A dX e : e fa , ptrT£ d K 5 { - (i) (x - X) = 

= --dx p A dx u A dx p A dx ff A dx K [ dX T A dX £ e Kfll/paT d £ 6^ (x - X) = 

= -j^dx? A dx u A dx p A dx ff Adx K J d (dX T e^^^ (x - X)) = 0, (4.6) 

where we used the fact that an antisymmetrization over seven vector indices in six 
dimensions always is zero. The last equality follows since the integrand is a total 
derivative and the string world-sheet £ has no boundary. 

Next, we are interested in how these relations and quantities behave under (bosonic) 
conformal transformations. Consider the variation of the three-form h, which according 
to Eq. (|2~27|) equals 

S c h = ^dx" A dx u A dx p (t a {x)d a h^ p {x) - 3n^(x)h aup (x) + 3A(x) Vp(^)) • (4-7) 
However, if we compare this with Eq. (|2.6[) . we see that 

S c h = 5 x h, (4.8) 

where 8 X denotes a passive conformal transformation, i.e. one that acts on the space- 
time coordinates rather than on the fields. This means that, when dealing with h as 
a differential form, passive and active transformations yield the same result! We will 
denote such forms as primary differential forms. The statement remains true also when 
exterior derivatives are applied, i.e. 5 c (dh) = 5 x (dh), but also for the Hodge dual of h, 
which means that 5 c (*h) = 5 x (*h). 

Considering Eq. I|4.3|) . we note that the left-hand sides transform as primary four- 
forms, therefore the right-hand sides should transform in the same way. Since <5 E is 
an expression in terms of the embedding field X p , we may calculate its active trans- 
formation explicitly. Before doing this, we want to rewrite the transformation of dX p 
in Eq. (|2,32|) so that all parameter functions are expressed in terms of the space-time 
coordinates x p , rather than in terms of the embedding field X". We find that 

8 c (dX^ = -W v {x)dX v - A(x)dX" - 2c v d({x - xy{x - Xf^j + 

+ c»d((x-X)-(x-Xj), (4.9) 

while the passive variation of this quantity obviously vanishes. We will also need the 
relation 

6 C (dx") = = 5 x dx p - W v {x)dx v - K(x)dx p . (4.10) 
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Finally, considering the Dirac delta function we find that 

5 C (V 6) (x - X)) = -5 c X»d^ 6) (x -X) = S x (<5 (6) (x - X)) + 6A(x)5 {6) (x - X), 

(4-11) 

where we have used the relation 

afdyS® (x) = (x). (4.12) 

Putting all this together, again using the properties of the Dirac delta function, we 
arrive at the conclusion 

S C (S S ) = 6 X (6 S ), (4.13) 

meaning that our expression (|4,5[) for <5 E transforms as a primary four-form. This shows 
that Eq. (|4.3|) is a well-defined equation with respect to conformal symmetry. 



4.2 The superconformal model 

Having investigated the bosonic case, we try to generalize these concepts to superspace. 
We note that the on-shell super three-form F in Eq. (|3.75[) is primary, i.e. 

8 a F = 5 x , e F, (4.14) 

where 5 X) g obviously denotes a passive conformal transformation in superspace. The 
validity of this equation is most easily seen from the fact that F yields a superconfor- 
mally invariant Wess-Zumino term, see Section T3.4I 

Let us now try to take F off shell, i.e. relax the requirement dF = 0. The equation 
corresponding to Eq. (j4,3j) is 

cLF = A E , (4.15) 

where d is the exterior derivative in superspace and T is a super three-form, not 
necessarily equal to F defined in Eq. Q3.75JI . The super four- form A E appearing on 
the right-hand side is supposed to be a generalization of the Poincare dual 6 S . To find 
such a quantity is non-trivial, since there is no proper analogue of the Poincare dual 
in superspace. The best we can hope for is to find a super four-form that reduces to 
<5 E if all fermionic degrees of freedom are removed, and that transforms in a nice way 
under superconformal transformations. 

Guided by our previous experience, we try to formulate this four-form in terms of 
superfields. The fundamental superfields involving the embedding fields X a/3 and 0" 
are 

8 ap = x af3 - x a/3 - in ab e]?e® (4.16) 

= C-©a; (4-17) 

the superfield properties of these are easily verified. The superfield s a/3 is a vector 
and we will, when appropriate, use the alternative notation for this, employing an 
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S0(5, 1) vector index as in the bosonic case. Some important quantities will be stated 
twice, using both conventions. 

We will also need the differential 

ds a P = dx af3 - in ab de l «e® = e Q/3 - in ab {e - e^ef 1 , (4.18) 

where the second equation follows from the definition of the superspace differential 
e a/3 . Similarly, we may differentiate s a @ with respect to the parameters defining the 
string world-sheet, yielding 

ds aP = -dx a/3 - m ab e^d@^ ] = -E a/3 - in ab (9 - e^Jef, (4.19) 

where E a @ as before is the bosonic superspace differential expressed in terms of the 
embedding fields X a/3 and 0°. 

Guided by Eq. (|4.5[) . we introduce 

A E = -J- / ds» Ads v AdsP Ads u ds T A ds^^^S^ (s) = (4.20) 
4' Jt, 

= ! ds SlS ' 2 A ds 7172 A ds^ 2 A ds aia2 ds uia2 A ds T1T2 x 
4! 7 S 

x e aio 2 /3i7i e 72(5i<520"i e (T2TiT2/32^^ \ s )' (^-21) 

where the Dirac delta function with a grassmannian argument containing both "body" 
and "soul" is defined in terms of its Taylor expansion. It is apparent that this candidate 
for A E reduces to the bosonic 5 E in Eq. 1)4.5)) if all fermions are put to zero. 

The second requirement on this A E is that it should be closed, as is seen immedi- 
ately from Eq. 1)4.15)1 . The proof for this is similar to the bosonic case in Eq. 1)4.6)1 . but 
slightly more complicated since dds^ 1 = dds^ L ^ 0. However, the changes in the proof 
are minor and therefore omitted in this text. 

We also want to investigate how A E transforms under superconformal transforma- 
tions. As in the bosonic case, we will present the transformations piece by piece. Using 
the explicit variations of X a/3 and 0" found above, we find that 

6 c (ds af> ) = 5 xfi ds aP - Kds aP + 2nj a ds^ + d X aP (4.22) 
8 c (ds aP ) = 5 xfi ds aP - Ads aP + 2nj a ds^ + d X aP , (4.23) 

where we have used the presence of a Dirac delta function in the expression (|4.21|) to 
put s a P = 0. Moreover, 5 x q denotes a passive variation in superspace and 

0,° = n^(x,9) + ^-^(8)^-^-^(6)45^ (4.24) 
A = A(x,0)+ i -n cd E Ctl (6)f d (4.25) 

= -n- b n cd E a> ,(e)t [ °t®q - c, s n ab n cd tit [ X ] 4. (4.26) 
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Alternatively, we may write these variations as 

5 c (ds») = Seeds' 1 - Ads' 1 - VL p v ds u + d x ^ (4.27) 

5 c (d>) = Seeds'* -Ads'" - O^dV + dx", (4.28) 

where we again have introduced a vector index instead of an antisymmetric pair of 
SO(5, 1) spinor indices. We have also introduced (l^v, the definition of which is ap- 
parent from how uJqP was defined from oj pv in Section f3.il 
The Dirac delta function transforms according to 

5 c (5^(s)) = 6 x>e S^(s) + GM^is) + X ■ dS^(s), (4.29) 

where we as usual have used the properties of the delta function to put s a/3 = 0. We 
have also employed the identity 

s^d a ^(s) = ~8^6^(s), (4.30) 

which is analogous to Eq. Q4.12JI in the bosonic model. 

Putting all this together, using the vector index notation, we find that the super- 
conformal variation of A E is 

5 C A E = 6 Xt9 A s + J ds' 1 A ds v A ds p A d X a ds T A ds £ e pupaT£ 5 {6) (s) + 

+ — / ds p A ds u A ds p A ds a ds T A d X £ e^p^d^ {s) + 
4' Js 

+ ^ / ds' 1 A ds 1 ' A ds p A ds CT ds r A ds £ e flupareX K dJ ( - 6) (s), (4.31) 
4' Js 

which may be rewritten as (our conventions for superderivatives may be found in [10]) 
<5 C A E = 5 X «A E + d 



2 
4! 



- [ ds 11 A ds U A ds P Js T A ds £ X a e pvpaTE 5^ (i 

d [d^ A ds 1 " A ds p A ds a ds T x £ e^ p(TT£ (5 (6) (s)j + 

+ 77 / A ds " A dsP A ds<T ds T A d>x K er E d re]( ^(s). (4.32) 
4' Js 

In this expression, the last line vanishes since it is an antisymmetrization over seven 
vector indices in six dimensions, while the second line is zero since it reduces to a 
boundary term. We are left with 

5 C A S = 5 x , e A E + dA E , (4.33) 

where the super three-form A E is given by 

A E = - -f ds p Ads u Ads p ds T Ads £ X (T e^ paT£ 5^{s) = (4.34) 
= I- f ds" 1112 A ds^ 2 A ds aia2 X £1£2 ds aia2 A ds T1T2 5 {6 \s) x 

x ^ e ei£2/3i7i e 72aict20"i e o"2TiT2/32 — g e eie27i72 e a"ia"2aia2 e nT2/3i/32^ ' (4.35) 
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but this quantity is obviously only well-defined modulo an exact three-form. 

Looking back at Eq. Q4.13JI for the bosonic model, we see that the introduction 
of fermionic degrees of freedom has altered the relation by adding a cf-exact term to 
the right-hand side. This means that our candidate Q4.2UJI for A E does not transform 
exactly as one would expect when comparing with the bosonic theory, i.e. an active 
and a passive transformation do not yield the same result. We note that A E vanishes if 
all fermions are removed and that it is localized (by means of the Dirac delta function) 
to the world-sheet of the string. 

This means that the simple generalization of the bosonic case that we have tried 
in this subsection did not work out properly. The most probable reason for this failure 
is that we are required to add a new ingredient, the matrix (j) ab , to A E . This denotes 
the vacuum expectation value of the field (j) ab (x), normalized to unit modulus with 
respect to the scalar product in Eq. (|3.72|) . In other words, 4> ab is related to the 
moduli parameters of the theory, denoting the direction in which i?-symmetry is broken 
by the presence of the tensile string. We have seen the appearance of this quantity 
previously [16] in the discussion concerning the /t-symmetry of the theory. We will not 
consider how to formulate a superspace generalization of the Poincare dual including 
(f) ab in this paper, but we hope to return to the matter in a future publication. 

Acknowledgments: I would like to thank Erik Flink and Mans Henningson for stim- 
ulating and encouraging discussions. 
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